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The calculation of spatial structure of a quantum intermediate state in high pure type I 
superconductors in external magnetic field at low temperatures is completed. The theoretical 
model of thermodynamics of intermediate state in type I superconductors was proposed by An-
dreev. It is shown, that in the quantum case, the period of structure of quantum intermediate 
state appears to be significantly shorter and it has different dependences on the magnetic field 
H and temperature T in comparison with the classical intermediate Landau state. The decrease 
of thickness of normal layers results in the increase of characteristic distance between the 
quantum Andreev levels of electronic excitations, and leads to the transition to the quantum in-
termediate state from the classical intermediate Landau state, which is realized at the higher 
temperatures T~ 1 K. The comparison of the computed data with the experimental results in the 
researched case of high pure Gallium single crystal is made. 
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Introduction 
 
The theory of intermediate state (IS) in type I su-
perconductors was created by Landau [1] in frames of 
the classical electrodynamics by Gorter and Casimir 
(see, for example, [2]). In agreement with the Landau 
theory, there is the intermediate state (IS) in type I su-
perconductors at action of external magnetic field at low 
temperatures, when the following expression is true:  
(1–n)Hc < H < Hc. The IS structure has a periodic 
layered structure with the interchangeable normal metal 
and superconductor layers (n is the demagnetization 
factor of a superconducting sample, which depends on 
the superconducting sample’s geometric form and its 
orientation in magnetic field). In [1], the spatial period 
of IS structure in superconducting plate in transverse 
magnetic field was found, and the IS structure depen-
dence on the samples geometric dimensions and the 
surface energy, appearing on the boundary, created by 
the normal and superconducting phases, was researched. 
Subsequently, Landau developed the theory on the IS 
structure with the layers branching in type I supercon-
ductors [3]. In [4], Lifshitz and Sharvin analyzed the 
theories [1, 3], deriving the convenient formulas for a 
comparison with the experimental results. The Landau 
theory and subsequent experimental results, occurred to 
be in good agreement with the phenomenological theory 
of superconductivity by Ginzburg - Landau [5] and the 
microscopic theory by Bardeen, Cooper, Schrieffer 
(BCS) [6], and are well described in the textbooks and 
monographs (see, for example, [2, 7, 8]). Among more 
recent theoretical works, let draw attention to the de-
tailed research on the IS structure properties, including 
the calculation on the goffered twisted IS structures, 
observed in superconductors at specific conditions in 
[9]. It is interesting to note that, in this case, the energy 
of interaction between the currents, flowing through the 
boundaries between the S-N-S layers, plays a main role 
in the creation of IS structures. The Landau theory and 
following research works, which presented the founda-
tion for the creation of IS structure theory, are based on 
the classical case representation, which is in a good 
agreement with the experimental findings in the case of 
type I superconductors in external magnetic field at the 
temperatures T≥1 K. 
In [10, 11], Andreev attracted attention to an im-
portance of the quantum effects in the IS structure crea-
tion in superconductors. In [10], the specific mechanism 
to explain the electronic excitations (EE) reflections in 
normal metal layers on the boundaries, created by the 
normal and superconducting phases, was introduced. 
These EE reflections are accompanied by the EE transi-
tion from the electron spectrum to the hole spectrum 
(and vice versa) with the change of their movement di-
rection on the opposite direction, and were experimen-
tally confirmed to exist in the S-N-S systems. In [11], it 
was shown that, at low temperatures, when the mean 
free path by the EE is bigger than the thickness of nor-
mal layer l >> dn, the EE are captured in the normal 
metal layers as a result of the EE reflections on the N-S 
boundaries, leading to the spatial quantization of the EE 
spectrum. 
The distance between the Andreev levels is 
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where h is the Plank constant, vF is the velocity of the 
EE on the Fermi surface. As it is visible, the energy 
depends on the thickness of the normal metal layer dn 
and the angle θ between the direction of movement by 
the EE and the perpendicular to the normal metal - su-
perconductor (N-S) boundary. In agreement with [11], 
in the superconductors, in which the mean free path by 
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the EE is significantly bigger than the thickness of nor-
mal layer l >> dn, at the low temperature, which is 
smaller than some characteristic temperature 
vF
B n
hT
k d
∗ = ,     (2) 
the Andreev quantization has a considerable influence 
on the main thermodynamic characteristics of IS struc-
ture(the free energy, thermal capacity, magnetic mo-
mentum) and makes them depending on the thickness of 
the normal metal layer dn (kB is the Boltzmann con-
stant). Going from the thickness of normal layer dn, 
which is characteristic for the classical IS structure, the 
magnitude of transition temperature T*≈0,1 K was found 
in [11]. At the same time, the problem about a possible 
influence by the EE spectrum quantization on the IS 
structure was not researched in [11]. 
Let note that, after the publication of research re-
sults by Andreev [11], Zavaritsky [12] discovered that, 
in the IS in the superconducting Tin at the temperature 
T<0.18 K, the QIS structure properties in a dependence 
of the thermal capacity on the temperature are observed 
in agreement with the prediction by Andreev [11]. At 
later date, the quantitative research on the IS structure in 
a superconducting high pure Gallium single crystal in 
external magnetic field at the low temperature Т≈0.3 К 
was conducted, and the dependence of the thickness of 
normal metal layers on the magnetic field was found by 
the ultrasound attenuation measurement method by Le-
denyov, Fursa [13]. In [13], going from the theory by 
Andreev [14] for the monotone part of ultrasound am-
plitude attenuation dependence and the theory by Lede-
nyov [15] for the oscillating part of ultrasound ampli-
tude attenuation dependence, the obtained experimental 
results were analyzed, leading to the conclusion that 
there is a new IS structure in type I superconductor in 
external magnetic field at low temperatures, which has 
the small thickness of normal metal layers in distinction 
from the well known classical Landau IS structure in 
type I superconductors in external magnetic field at low 
temperatures. It was difficult to come up with the idea 
that the new IS structure in a superconducting high pure 
Gallium single crystal in external magnetic field at low 
temperature represents the QIS structure, because the 
nature of the new IS structure was not fully understood 
on that time. 
In this research, the calculations with the appro-
priate formulas derivation to describe the quantum in-
termediate state (QIS) structure in high pure type I su-
perconductors in external magnetic field at low tem-
peratures, using the thermodynamic theory [11], are 
completed. It is clarified that, in the quantum case, the 
period of QIS structure appears to be much shorter, hav-
ing the different dependences on the magnetic field H 
and the temperature T in comparison with the classical 
Landau intermediate state structure. It is shown that the 
characteristic temperature of transition to the QIS in 
high pure type I superconductors in external magnetic 
field is higher, comparing to the temperature of transi-
tion to the classical Landau intermediate state (IS) in 
type I superconductors in external magnetic field [11], 
because of the small thickness of normal metal layers in 
the S-N-S layered structure in the quantum intermediate 
state in high pure type I superconductors in external 
magnetic field at low temperatures. The obtained theo-
retical calculations data are in good agreement with the 
ultrasound propagation and attenuation experimental 
measurements results in the high pure Gallium single 
crystal in external magnetic field at low temperatures 
[13]. 
The research on the electron properties as well as the 
superconducting properties of these systems is of certain 
interest, because of the synthesis of nano-structurized 
composite materials, in which the quantum effects may 
appear at higher temperatures, having considerable in-
fluence on their thermodynamic and structural proper-
ties. 
 
Quantum intermediate state structure 
 in type I superconductors 
 
The thermodynamic characteristics of intermediate 
state in superconductors depend on the external magnet-
ic field, therefore the Gibbs free energy is a convenient 
thermodynamic potential for their accurate characteriza-
tion [7]. Let emphasis that the potential G takes to the 
account the work, done by the source of external mag-
netic field, hence the signs of corresponding contribu-
tions are defined by this circumstance. Let write, at the 
temperature T<TC, the free energy of a superconducting 
sample with volume V, which is in the normal metal (3) 
and superconducting (4) states in the external magnetic 
field Н<HC(T) 
 
2 2
, ,0N H N extG VF VH 8 V H 8π π= − − ,  (3) 
 
2
, ,0S H S extG VF V H 8π= −     (4) 
 
where V is the internal volume of a superconducting 
sample, Vext is the external volume of system with mag-
netic field, FN,0-FS,0=НС2/8π, НС is the critical magnetic 
field at the temperature of T. Let write the potential of 
unit of volume of superconductor, which transited to the 
intermediate state (IS) at the applied external magnetic 
field Н, assuming that some part of it’s volumetric frac-
tion η is in the normal metal state. Let count the poten-
tial, starting with its value in the superconducting state 
 
2
, ,0 ,0( ) ( )I H N n N S surf nG F d H 8 F G dη η π η= − − − ., (5) 
 
where HN is the magnetic field in the normal metal lay-
ers of a superconducting sample, which may be differ-
ent from the magnitude of critical magnetic field HC. 
The volumetric inputs by the external regions, situated 
far away from a sample, don’t depend on its state, hence 
they are mutually reduced. At the same time, the inputs 
by the internal regions with inhomogeneous magnetic 
field at internal boundaries, dividing the superconduct-
ing and normal metal layers, as well as the inputs by the 
regions with inhomogeneous magnetic field near to the 
surface of a sample, connected with the discrete nature 
of the IS structure, have to be taken to the consideration. 
These inputs can be written as the term Gsurf., which is 
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equal to the work by external source to create the boun-
dary inhomogeneities of magnetic field in eq. (5). In 
frames of the Landau theory, during the finding of an 
extreme of the potential GI,H, the term Gsurf. depends on 
the period of IS structure only. Let note that the concen-
tration of the normal phase η doesn’t depend on the 
period of IS structure in a sample. Let move from the 
description of the free energy G as a function of the 
external source to the description of the free energy G as 
a function of the sample’s state as in the Landau theory 
[1]. Thus, all the terms will change their signs, and the 
term Gsurf. will have a positive value, and the period of 
the IS structure will be defined by the minimum of po-
tential. In the quantum approach, in distinction to the 
classical Landau theory, it is necessary to consider the 
first term in expression (5), which is connected with the 
volumetric electron energy by the EE, which is a func-
tion of the thickness of normal metal layer in this case 
[11]. 
In the Landau theory, the two energy inputs, contri-
buting to the density of free energy of a sample, are tak-
en to the account (calculated on the unit of cross-
section, which is transverse to the external magnetic 
field, and counted, starting from the free energy of a 
superconductor). The two energy inputs depend on the 
period d of IS structure and the thickness of the normal 
metal layers dn as Gsurf(dn) = F1(dn)+F2(dn). The two 
energy inputs F1 and F2 are present in the quantum 
theory. 
The first energy input F1 by the superconducting and 
normal phases separation boundary is 
 
  21 CF = 2L H 8 dδ π ,   (6) 
 
where d is the period of QIS structure, d = dn + dS , 
dn=η d, L is the thickness of a plate of superconductor, 
δ is the parameter of surface energy at N-S boundary, 
δ=ξ – λ, ξ is the correlation length, λ is the penetration 
depth by magnetic field into a superconductor. 
The second energy input F2 is connected with the 
energy of inhomogeneity of magnetic field near to the 
surface of a sample. The exact calculation of the value 
of second input is based on the approach, which consid-
ers the geometry of the S-N-S layers near to the surface 
of a superconductor in the research by Lifshits and 
Sharvin [4], and it is 
 
2
2 ( )  CF d H 8ϕ η π= ,    (7) 
 
where ϕ(η) is the tabulated function. 
Using a different approach in [7], the second energy 
input F2 can be approximately calculated as a function, 
expressed by the concentration of normal phase η and 
by the period d of IS structure. However, the accuracy 
of the result, obtained with the use of expression in [7], 
must be revised due to its exceeding value in compari-
son with the actual magnitude ϕ(η) (in three times big-
ger approximately). This problem is solved in the below 
provided calculations. 
Going from the fact that the magnitudes of magnetic 
field in the outside and inside domains of a sample in 
the intermediate state are different, let assume that there 
is a transition region with the effective length λeff  at 
which the tuning of the external magnetic field He and 
internal magnetic field HN to some equilibrium magni-
tude of magnetic field takes place. Obtaining an average 
of the magnitude of magnetic field on the distance, 
which is longer than the period of the IS structure, let 
follow the general rule of change of magnitudes differ-
ence of magnetic fields in the outside and inside regions 
of a superconductor near to its boundary as exp(-kx), 
where x is the distance from the surface of a sample, and 
k=2π/λeff. It is convenient to express the spatial parame-
ter λeff as in [7] 
 
1 1 1eff n S n Sd d d d dλ = + = .   (8) 
 
One can see that the magnetic field changes inside the 
sample as well as outside the sample on the distance 
x=1/k=η(1-η)d/2π. There is no sharp change of magni-
tude of magnetic field in the normal metal layer on the 
surface of a sample. There is a fluent change of the in-
tensity of magnetic field, occurring in the outside and 
inside regions of a sample due to an appearance of cur-
rents on the N-S boundary in the superconducting layers 
in a sample. Inside the sample, the domain of magnetic 
field change spreads on the distance around 1/k, and it is 
connected with the decrease of thickness of supercon-
ducting layers at approach to the surface of a sample; 
outside the sample, it is connected with the presence of 
currents on the boundaries of superconducting layers in 
this part of a sample. The excessive density of magnetic 
energy in the region of inhomogeneity of magnetic field 
can be assessed in agreement with [7], as a difference 
between the average density of energy in normal metal 
layers ηHN2/8π and the density of average magnetic 
field (ηHN)2/8π, hence it is equal to η2(1-η)2HN2/8π. The 
value of additional input energy F2, originated by the S-
N-S layered structure appearance on the surface of a 
sample, is 
 
( )2 2 22 4 1 NF d 2 H 8η η π π⎡ ⎤= −⎣ ⎦ ,   (9) 
 
where HN is the magnetic field in a layer with normal 
phase, which is close to the critical magnetic field in 
general case. The approximate analytic expression for 
the function ϕ(η) in the Landau theory is 
 
2 2( ) (1 )ϕ η η η π≈ − .    (10) 
 
Neglecting the difference between the magnetic 
fields HC and HN, and minimizing the sum of the inputs 
F1 and F2 by the period d, the well known expression 
for the period in the Landau – Lifshits - Sharvin theory 
can be obtained 
 
[ ]1/2( )d Lδ ϕ η= .    (11) 
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In agreement with the completed calculations, the 
Lifshits - Sharvin function ϕ(η) can be approximated 
with great precision, than in the eq. (10), and presented 
in the form of the convenient expression 
 
( )
2 2
2
(1 ) 4( ) ln 1
1 e e
η η η πϕ η π η η η
⎡ ⎤− +⎢ ⎥≈ + + +⎢ ⎥⎣ ⎦
,  (12) 
 
where e ≈ 2,7183 is the base of natural logarithm. The 
expression (10) will be used with the purpose to simpli-
fy the formulas for the dependence ϕ(η). 
In addition to the sum of the energy inputs F1 and 
F2, the volumetric input ηFN,0, which depends on the 
period d and the thickness of the normal metal layer dn 
in the QIS structure in the quantum case in distinction 
from the classical case, has to be taken to the account 
during the calculation of the period d of QIS structure. 
The energy FA as a function of the period d of QIS struc-
ture can be written as 
 
22 2    vA el FF C d L Tα β η= ,    (13) 
 
where α is the constant, which is close to 1, as calcu-
lated in [10], β is the coefficient, which takes to the ac-
count the deviation of the Fermi surface from the iso-
tropic surface for which β=1, and the fraction of phase 
volume of electronic excitations, covered by the quanti-
zation, Cel = γ T is the thermal capacity of normal metal 
without consideration of Andreev quantization. Mini-
mizing the total density of free energy in the IS structure 
with the consideration of FA, we will derive the expres-
sion for the period d 
 
( )
1/2
1/222 2 3 2 2
(2 )
2 1 ( v ) ( 8 )F C
Ld
LT H
δ
η η π αβγη π
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(14) 
 
The thickness of normal metal layer is simply con-
nected with the period of QIS structure dn = ηd, and it 
can be written as 
 
( )1/22 3 2 22 (2(1 ) ) 8 vn F Cd L T L Hδ η π παβγ⎡ ⎤= − +⎣ ⎦ .  (15) 
 
One can see that the derived formulas for the QIS 
period d (14) and the thickness of the layer of normal 
phase dn (15) in the case of QIS structure are different 
from the d and dn expressions in the case of Landau IS 
structure (the formula (15) was also used in [16]). The 
presence of additional term in denominators in these 
expressions results in the significant changes in the 
shapes of dependences of QIS structure period on the 
external magnetic field and temperature d(H, T), and the 
thickness of the layer of normal phase on the external 
magnetic field and temperature dn(H, T). The system of 
S-N-S layers transforms into the periodic QIS structure 
with the significantly shorter period d and much thinner 
thickness of normal metal layers dn with the purpose of 
minimization of the Gibbs free energy. The surface 
energy on the normal metal - superconductor phases 
separation boundaries counteracts to the decrease of the 
QIS structure period d, influencing in accordance with 
the Landau theory. Let note that, in the considered case, 
the value of the period d is small and the energy of 
magnetic field inhomogeneity adds a small input to the 
free energy of a sample, that is why the energy, con-
nected with the Andreev quantization, has a main im-
pact on the system. The QIS structure period has the 
weak dependences on the external magnetic field Н and 
the concentration of normal phase η=(Н-(1-n)HC)/nHC. 
In Fig. 1, the corresponding graphs with the com-
puted dependences of the period of structure d (1) and 
the thickness of normal metal layer dn (2) on the con-
centration of the normal phase η in a quantum interme-
diate state in the high pure Gallium single crystal at the 
temperature of 0.35 K, are presented. The characteristic 
magnitudes of parameters, measured in the case of Gal-
lium single crystal in [13], have been used during the 
computing modeling. 
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Fig. 1. Computed dependences of period of structure d 
(1) and thickness of normal metal layer dn (2) on con-
centration of normal phase η in quantum intermediate 
state. The curve (3) shows the experimental results, ob-
tained during the research on ultrasound attenuation in 
high pure Gallium single crystal at Т=0.35 K [13]. 
 
As it is visible in Fig. 1, the period of QIS structure 
does not increase, when the concentration of normal 
phase η approaches to 1. At the same time, in agreement 
with (11), in the classical case, at η→0 and at η→1, the 
period of IS structure must increase sharply. The thick-
ness of normal metal layer dn must sharply increase at 
η→1 in the case of the IS structure, while the depen-
dence dn(η) is close to linear in the QIS structure. As it 
is shown in Fig. 1, the experimental data, obtained dur-
ing the research on the ultrasound propagation and at-
tenuation in high pure Gallium single crystal in magnet-
ic field at low temperatures, are in good agreement with 
the theoretical modeling results, using the formulas, 
based on the proposed theory. 
The dependence of the thickness of normal metal 
layer on the temperature dn(T) in the case of QIS differs 
from the similar dependence in the classical IS in type I 
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superconductors in external magnetic field at low tem-
perature as it follows from eq. (15). 
 
Conclusion  
 
In this research, the theoretical calculations on the 
spatial structure of quantum intermediate state, appear-
ing in high pure type I superconductors in external mag-
netic field at low temperatures, in which the electron 
excitations have the long mean free path l, which is big-
ger than the thickness of the normal metal layer l>dn, 
are completed. It was found that, at low temperatures, 
the high pure type I superconductors have transition to 
the quantum intermediate state, which is characterized 
by the thinner normal metal layers in comparison with 
the thickness of normal metal layers in the classic in-
termediate Landau state. The contribution by the normal 
electronic excitations to the free energy is significantly 
smaller in the case of thinner normal metal layers in 
quantum intermediate state in high pure type I super-
conductors in external magnetic field at low tempera-
tures. It is shown, that the period of structure of quan-
tum intermediate state appears to be significantly short-
er in comparison with the period of structure of classical 
intermediate Landau state. The period of structure of 
quantum intermediate state has different dependences 
on the magnetic field H and temperature T in compari-
son with the period of structure of classical intermediate 
Landau state. The theoretical calculations data, obtained 
in this work, perfectly coincide with the experimental 
results for the high pure Gallium single crystal in exter-
nal magnetic field at low temperatures [13]. In author’s 
opinion, the type I superconductors of high purity with 
the long mean free paths by electronic excitations l>dn 
in external magnetic field at low temperatures represent 
a new class of quantum objects with the unique physical 
properties, which have to be researched in details. 
Author thanks V.O. Ledenyov and D.O. Ledenyov 
for the discussion on the results of research. 
This article was published in Russian in the Prob-
lems of Atomic Science and Technology (VANT) [17]. 
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